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MICROWAVE OPTICS III: "FOCAL-PLANE PHASE DISTRIBUTION
AFTER OFF-AXIS REFLECTION BY A PARABOLOID, including the
application of a technigue for the reversiom of

double series.”

This report is divided into two sections, 1In
the first section, we determine the normal
rectilinear congruence generated by rays
emanating from & point source nesar the focus
of and reflected by a paraboloid of revolu-
tion. In tha second and major section we
obtain the relative phese of the radiation
on the focal plane and calculate the pover
series expansion of this "Relative Phase
Function” to the third order in focal-plane-
Cartesian coordinates.

INTRODUCTION

The following report covers a theoretical phase of the Antenna Labora-
tories' program of study of methods of producing a csc29 pattern with
the FPS-3 paraboloid antenna. The related Antenna Laboratory Memoranda are:

% 1. Spencer, Roy C.: "Phase Errors of Reflector with
Point Source Feed,” 18 September 1051,

2. Sletten, C. J.: "Some Proofs and Computations for
Designing csc’® Patterns with a Cut Pera-
bGloid, " (including unpubviished notes by
P. S, Holt.) Rovember 1951 - Pencil Memo,

3. Hiatt, R. and F. Holt, "Conference on AN/FPS-3 Antenna"
16 Rovember 1951,

L, Spencer, R. C.: "Summary of Conferences on Microvave
Reflector Design (29 #ov. 1951)" - 30 November 1951.

5. Sletten, C., J.: "Pattern Distortion in Paraboles
Caused by Moving the Feed Awsy from the Pocus,”

4 December 1951.
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IRTRODUCTION

6., Hiatt, Ralph E,: "AN/MPS-7." 17 December 1951,
7. Hiatt, Ralph E.: "AN/MPS-7," 2 January 1952.
8. Sletten, C. J.: "Further Analysis of Feed Problem
for FPS-3 Antenna,"” 2 January 1952.
9. 8letten, C. J.: "Further Design Suggestions for
Csc’6 FPS-3," 24 January 1952.

The far field pattern of antenna is given by the expression,
g(u,v) = / a(x,y)e 18007) o 10mewy)y, gy

vhere integration ies carried out over an aperture and where,

&(x,y) o=, mlit“de distribution
@#(x,y) .=. phase distribution
g(u,v) .=, electric field intensities in direction (u,v)

u,v .=, direction cosines

Departure of ¢ (x,y) from a corstant is knowvn as phase error.
C. J. Sletten, in memorendum No. 9, cited above, developed an approximate
series expression for the phase distritution ¢(x,y) in the aperture plane,
In & joint conference betwsern the Antenna Laboratory and the Parke Mathe-
matical Laboratories, he emphasized the desirability of carrying out the
seriee epproximation more accurately., This suggestion met vith the approval
of De. Spencer as providing a problem of general importance to the research
program of the lakoratory as well as being of immediate importance in con-
nection vith the FPS-3 study.

This report may be considered another in a series of reports on geo-
metrical aspscts of microvave optic-.l The first section of the report

1) Tvo of the previous reports vhich are fundaaental are:
N.G.Parke: "Microwave Optics I: Rectilinear Congruences,”
Report PO 50-3k04, November 5, 1949,
N.G. Parke: "Microwave Optica II: Electromagnetic Aspects
of the Pocal Region," Report PO-5404, February 20, 1950.
Other related reporte have been prepared under contract AP 19(122)-L84,

=
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IRTRODUCTION

develops an expression for the distance along any ray from the point source
to the focal plane as well as an expression for the rectangular coordinates
of the intersection of this ray with the focal plane,

The mathematical difficulty arises from the fact that expressions for
the phase and for the ccordinates of intersection ere pearametric. The
parameters are polar coordinates to points on the paraboloid. What we
desire is the expression for the phase as a function of the coordinates of
intersection. The three parametric expressions are too involved for a
satisfactory elimination of the "paraboloidal-coordinates.” The second part
of the report treats our method of working around this difficulty to obtain
a double series expression for this phase function in terms of Cartesian
coordinates in this focal plane. The method is of general applicability
and interesting in itself. Ve carried out the series up to and including
third order terms,
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THE DEFIEING EQUATIORS OF THE COMGRUERCE OF REFLECTED RAYS

l. Parametric equations of the reflecting surface.

The reflecting surfsce is a paraboloid of revolution witli the
xl-u:lc as the axis of symmetry. The radius of the pareboloic at
the (x°,x°)-plane vill be 2a, vhere a is the distance from the
vertex to the focus of the paraboloid. Further ve vill take % = G

as the focal point; then the parametric equations are given by

- '}ﬁ(p’-’n.‘)

x° = cos & ; (1)

t} =p sin &
vhere (xl,/),O) are the cylindrical coordinates Pig.l. Para-
of a point on the paraboleid. metric represen-

Ths equation corresponding to parametric tation of the

equations (1) in terms of 21,12,25 , for the Paraboloid
paraboloid is

xl - %:[ (x*)zw-(x”)z B (1a)

2. The unit vector T ‘in the direction of propagstion of the incoming
vave,
The incoming rays are issuing frcm a point source located in the
(xl,xj) -plane at (e,d), say. Evidentliy we can obtain the vector from

(e,d) to the paraboloid as the difference between the vector firom the
origin (also the focus) to the parabolcid and the vector from the
origin to the point (e,d), that is (see Figure 2)

’ .
\ogthic ST Tl g

J

. Sl ol Pt |
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- THE REFLECTING SURFACE (HEFERENCE SURPACE)
;
o - 3
3 r} - rl - 2'2 . (2) |
Siace
. -
; - §F ) (5)
iz | |
: |
ve have a simple way to obiain r. Fig.2. Unit
So that with vector in the
direction of thc
1
r e (x ,peose,,osino) (%) incoming wave,

Iy = (e,0,d),

ve have from (2), (3) and (4)

2 __(x'-e,pc086,,8ins-d) . ()
A,(x -e)" + ffcon’ 64 fle1n’é -apoinakd"

oriaumof,onndaalone

hia*
( 8,p8inb-q)
;' i lzu;—: -erCOB ‘pa n
,\[ﬁé‘_ -e)’ + p’-ZPsinﬂchd"

iz terms of the Cartesisn coordinates xl,xz,x5

3 (6)

[0
b}

2 . x'-e,x*,x0-d)

-)? :(x‘): +(x? -dF

. (6*)

In (6') xl,xe,xb musuv satisfy (la).
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3. The expression for n, the unit vector normal to the (inside)

reflecting side of the parsoloid.

Evidently a vector in the correct direction would be (see

Figure 3)

[;,;.]: vhere [171172] .=, the vector

product of ¥. and T, in the

, 1l 2
Cans notatics. And

3 2 3).

X .., xli, +x°1,4x i, om, (<},x2,x

So that

must be the unit vector required., Then since

X, = (ﬁ, cosd,siné)

x, = (0,-psins, pcosb)

o must be given by

2ai, 1 i,
o= £ I P coséd siné
0

-8ing cousé
|(x,%, 1|
Bow (2a, -pcosd, -psind)
Jha’+,o‘

Fig.3. The unit
vector _fﬁ the
inside _cg the

parsboloid.

(7

(8)

FLn ..__T .-l




PARXEZ MATHEMATICAL LABORATORIES, INC. 7T
CONCORD, MASSACHUSETTS

THX REFLECTING SURFACE (REFERENCE SURFACE)

h, The unit vector " in the direction of propagation of the
reflected vave,
Using the standard vector expression for the law of reflection,
viz,

F" = r'e2(aer')n , (9)

ve have, vith equations (6) end (8),

O

(T -e,ncos 3,pain9-d) -

V‘ﬁ# -e)# ) -ngnin&-d’

*‘1

2( -2se - +pdsing) (2a, -pcosd, -psiné)

(ke +f) \/{E;‘:i -)+ p'-apdn inf+a*

or, performing the operstions and simplifying,

3 (10)

[(F+hat) hae(’-ba) -16a%dpsinf,0cosf(2pdsins-bas),
- = (20%)

(ba®+) (Eé.: -e)’ +()"-2{)dsinﬁ+d”
psind(2pdsind-liae) -d (O +i4a’) )

"

W¥ith

 w (p,0), X(p,0), x5(p,a) )s

vhere the Xi are direction cosines of the
unit vector F" in the direction of propa-
gation of the reflected wave,
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ve have the direction cosines of the lines mking up the congruence

. +ha® ) -hae(d he’) -16a>>dsin &
xl(P’a) - () h(’g‘:‘fp S

Yzln OV M!Q’Q‘”iﬂg—hﬂ

e (12)
ing ind-hae) -d?(p eha?

55({,,9) - %% (p’she?)

2
vhere 3 .=. (ﬁé‘: -e)’ +P-2pasindea*

JAL

and vith the reference surface

2 (o,0) = L=
xa({),e) =cos & (1)
x)(ﬂ,a) -/niné

ve have defined the normal rectilinear congruence gerzrated by the
reflected rays. This may nov be used to determine the caustic
(focal) surface and other properties of the reflsction.

g

il o .
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II. THE FOCAL FLANE

A. THE PHASE DISTRIBUTION (RELATIVE PHASE FUECTION) ON THE FOCAL PLAKE

The task vhick we vill require of the congruence defined by the
equations (11) and (1) will be to determine the trace of the rays on
the focal plane and the expression for the relative phase on the
focal plane - the relative phase function.

l. Ths trace of the intersection of rays vith the focal plane.

The first step in obtaining the trace on the focal plane of
the reflected rays is to determine t the distance along & reflected
ray from the paraboloid to the focal plane., If we wish to find the
coordinates y]',y?,)r’s of points a distance t' along a reflected ray we
obtain thea as

v xheext, (1 w1,2,3) (12)

1

vhere x are the rectengular cocrdinates of a point on the paraboloid

from vhich wve start and x1 are the direction numbers of the reflected
ray along vhich ve measure. Thus the value t' = ¢t for vhich we will
arrive ¢t the focal plane should be determined by setting yl = 0;

that is

s La* N 2. \q's ;
te-Fre- 2. W&%{%W ,
¢ 3 2
vhere 3 .=, (ﬁ%‘— -e)"o-p"-apdsinﬁo-d" .

The inteérsection y1 of the rays on the focal plane are then

(13)

vt = xtetxl, (1= 2,3)

or letting y2 = y, y3 = g, for convenience,




PARKE MATHEMATICAL LABORATORIES, INC. 10
CONCORD, MASSACHUSKTTS

THE FOCAL FLARE

2 Ja*) (bae-
y n{)coshpcosﬂr?';ué‘("y%}%%%m .

y (1k)
d(p'-16a%)

a 2
4a®) (bae-2pdsind)+ sin @
L2 =p sinhﬂsinﬁ %ww%—l}—nﬁw
or simplified
2 2.2
+ha”)" - in a’
y = fcosd 'ﬁ%%ﬁ%ﬁ%ﬁ?‘

e’ ) -20dsi e '
z = psin ek — OB ITE T Y- (15)

a(p%-16a* f
ae( 0+4a”) - P iné# -'
i 2 3 E
| or in terms of x°, writing Xy = X, 15 = x°, for convenience, 3
e Sx‘!+x:+ka."g Sx‘i«b’% ’o-hg‘-deI% ]
y 2{xJ+x +4a ae (X +X-4a") - 5 ‘
2,,3 a 2 3
zmx $x2+§‘+ha ) (3 hia -2dx!E . (16) i
A ae(x3+x2-4a”) - >
ds x‘é+%’$ -o»x“E -16a¢ E
(X, +XgHe ae(x;+x -4a*) -16a%dx *

2. The relative phase function on focal plane
The relative phase A 1is given by

A -34"-2#”?-- g ; vhere ¢ .=, velocity of light
f .=, the frequency
3 .=. the phase (17)
k .=, the propagation constant

A VR G TR R SRy Ay 0 JIVR N N Wk PR S 1 Y
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THE FOCAL PLANRE

and, since /A is just the distance from the point source to the focel
plane along a ray, ve have

A=t s+ l;5l . (18)
And, since S = |x°'3|,
1_16at) 3"
e -16a')s
Ae=s®- TP Tael #5a) -Toa- 1o s ° (19)

Simplifying this we get

y2 882 (o' +ha* ) hae (o*-La?) -16e’pdsing
Ao = 8" e e e (20)

or in terms of x2,x5

Alxy,x,) = Jx, -ef +x3+(x,-a)" -

*(xiex2+la?) bae(x3+x2-4a?) -16a*dx,
(xz’+x273a’:5’ ﬁlxiu}ia’}-%@&s _

(21)

]
t
i
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THE FOCAL PLAKE

B. DERIVATION OF THE POWER SERTES FOR THE RELATIVE PEASE FUSCTIOR
1. Plan of attack.

The problem of expanding /\ (y,z) as a pover series in y and z,
the Cartesian coordinates on the focal plane, is complicated by the
difficulty in inverting (16) to get x, and X5 a8 functions of y, z.
This iaversion is theoretically possible but to date we have had no
indication of a vay to accomplish it.

Another approach vhich is perfectly sound and possible is this,
Pirst expend y and z &8s a pover series mxzandx.j

Y= a4+, X,+8, X +%‘:”,‘x;x‘+%x:+ sesccecsce
{ * (22)

2 = b.+b‘x3+h, x‘+bux:'fhnx‘x'+b”x:* se0sesscsse

Then using a predetermined number of terms revert the series, that is
obtain the coefficients of the series for X, and x3 in terms of y and 2z

xa & c.wamsﬂqd’%m‘z‘-b sss0s0000e (25)
x3 - f. +fiy§f’ z#tny‘+t‘J“f”z‘+ O xxx

and vith this expsnsion determine the coefficients of a series in
v,z for NA(y,2).

It can be shown that the series for A (y,z) thus determined will
be correct to the degree that (22) and (23) are expended,

Although this acheme is theoretically sound and actually possible,
the work involved is algebraicly tedious. Our actual attack is some-
vhat different though based on the same principle,
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THE FOCAL PLANE

2. Tbe expansion of /\ , the relative phase function, in a Taylor's

series symbolically.
For convenience we adopt the summation convention, viz,

aixi |, Z,dixi o=, “.t.+“a_x:+“.x” (1 = 1,2,5)

nndretmtothenoutionyzny,)}-:andxznxz,xj-xi.

Then the pover ssries expansion of j\_(x (Y))s= A may
be written

A% = T (= r Caly o Xy i+ Gy (R DG ) - (24
(x,3,7=2,3)

vhenthcsublcript:erovmdenotethtvalmaty -y,)} y}
the point in the focal plane about vhich the expansion is made. In

our case ve choose the point for vhich P ax = 0, at vhich A\ is
analytic,
Then
aA. IN PA.

A r', r' ——ﬁaray r:m, ‘3—7’ a‘_’aa_y '-S'Cpi (25)
Thus we have

« - o = FA. ’ !
Ay )-/\.+QA-’( 1)+ 3 aa;y (D) 2y 5, 33y (%) ;

(x,3,7=2,3)

1
E
7
-r
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THE FOCAL FPLANE
or without use of the summation conventinn

Ay,z) = N+ %Ay. (y-ye)+%%(z—z.)+-2L! i’-‘f(,-y,)*

+ 5 gﬁ! (r-1) 20+ 5 azz(z""ﬁ 3 ay' L ty- y>' (26

which means that ve must knov the partial derivativesof the xi with
respect to the y* (1,(= 2,3). These we cainot calculate directly
because of the form of the expressions for the y*, as mentioned above,
5. The partial derivetives of x, and Xy with respect to y and z.

As ve sav in the previoues peregraph our expansion depends on the
calculation of the various partial derivatives of not only A  dbut

also of the x' with respect to the y* (i,K= 2,3). Teking the latter
problem first, wve have by definition

o LVl 1'% “{s 1l,Xa/3
(a) g;-'a Sﬁ T ox 8y » Vhere s |= O othervise
a 2 oL a _él-
() Sy7 0 = Sxov 37""‘ dy” '31"' ‘5;7'5,— (28)

o’ e o ON O gat Ik A% [ % ox
(c) dy ygt)y‘ g M Ax'Ix* ayﬁ dy” dy‘+ Ix'Ix’ | dyy dy’+

S ax' , ax 9% |, o0 I
dy dy? Oy A oy ayrays] o

. .3 A ‘
5 + % a;ag (Y *)’é-z. +3| él—yo\ta(y-p(iﬂﬁ* 3 aAz:fz-Ij.‘, ot
but ’
N _ IN o
() 3y== ox 3y
3N _ A oF o’ AN«
(v) ‘;’-gyo_ NI’ dy” 3y"+ o ay"ay_“ (27)
(e) -/ /N Y ot A [_a'x; c?_ o 3%’
Oy 9y dy” Or'dxiax* = oy® dy’ Ix'o’ %y'9y’ 3" a a,g,\,'
' aNn b’x . |
‘97“’)/"97] ox' Iy dyoyY ()5, k,x,39<2,3)
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vhich are equations linear in the highest derivative, end the sole

condition on their solu.ion is that the Jacobian does not vanish,

vhich is satisfisd here., Thus we have systems of equations vwhich,

vhen solved in order, are linear in the derivative sought. Written

out without the subscript notation and summation convention (vhere
- 31— ax" , ete.) equations (28) become

ls= Y, X+ X3,
(a) O= g, x,+2,x
2 Xa¥Z3X,,

Oy x+y,%
(b){ 2t X5y

(29)

le=zx5x,

Om ;‘x;’«o-zx,xyx,yﬂ;‘x;fx Xapy*Yy X,
(a) C = 2, X 422X, X, +5, X 47, X, wtZs Xz,

e e htt s o Y
O o B X ot By Xt B Ky Kot B Ky Xt 2, Xy ¥ X, (0)

0 = y,x2+2y, %ﬁ.‘&,’i"‘& X gty Xyp
(c) O ’hx“' x“xﬁo-z,,;;‘f s XangtZ3 X350

AR

i
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THE FOCAL FLARE

0= Y x:’"}%u "f,";,‘3>’an ’S,x;"’ysasx;,"’ Xy, Xay
#3YaaX0), Xy #5, Xy, ) $3% X5, X, 4T, Xa0, 3, Xy

- zmx:yézmx;x,yﬁzmxz yx,‘,nmx,’;}znxmxzy
+32,(x z”x,;bx,yx,")ﬁz”x 3y Xat T Xs, 3205,

(a) { 0

0= Y% ’c)'.-*};u x;x”+3):’“ x_;x,; Ysss y::; Bszznxu
4 3Yr( XapXar XX gg) * 335X 00Kt Va Xagaid Yy Koz
- zmx,’_ézmxj};‘-o}zméxnu”,x:;}z,} .
*3“:;(*21}3,‘”‘,,’5“) 54X, X 4T, X, A2 X0y
- s . (31)
O=y, x;x‘in-yaa ( )g’xk+2x,,x,yx,‘) +Yy2 (x,y:g‘;bgyx,’x,')
+Y2ss %xu*' 2 yuxlytx;,"'ya(x’n x.!y"'x!y:xz,) ﬂ&tx’nx-‘v]
+Yoa X2y, X2V ( x,"x,in-x,"g) *Ya% 2 XYz X2ty Xsyya
) (c) + 0 & 2,3 %, +2,.,( x“,x,;ex,qx,vx 22) 25350 x,‘,x,;’b%x_"x,’)
+z, ugxsg‘a ( Z,.X2, Xat Z2,{x 2y ot ;y}a) +z,,x,”x,7]

+znx1”xu+zn( xay,-"u"”‘zyy‘a)”:;x;yy"g“zz Xayyd 25 Xsyys

® 1,

0=y, x:‘x‘;ry, il :(:‘x,y+2;5!xhx~) +y”z(x_; X, 42X, X, X ',)
' T ’gn"s;" 20 Y, Xy Xt Vag (X5, X5 4 %5 X0 "’Vu"!yaxh]
r +YiaXagsXay* Yao (K20l M Xa0a s, ) + s 50X, * Y Xasad Yy Xrsay
. 2, 5K T (X ‘x’;rz:n"x.kzs’) ¥a,,, (x;xayc—ax_‘zs‘x,,)
+2,,, x;lx’;zl z,X q‘xz‘n,,( X Jyfu'"xmxz) "3:"1,."3:]
L L x‘yun( X206y X 3 X2y) $25% sex¥ny* T2 Xaga B Xazgy

@4,

Equations (30) should be 8 equations in 8 unknowns and equations (31)
should be 16 equaticns in 16 unknowns; the symmetry of the cross
derivatives eliminates two equations in (30) and 8 eguations in (31),

VYNSRI
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In order %o solve equations (29), (30) and (31) we need expressions
for the partials of y end z with respect o x2 and x3, which are a
direct calculatior in the sense that we can differentiste equations
(16) directly. This involves the successive derivatives of s quotient
and, since there sesems to be no table of such a procedure - elementary
as it may be - we have included such a table of derivatives up to the

fourth order as an appendix to this reportl in two forms.

1) See Appendix A

4., The partial derivatives of y and z with respect to Xy and xB. ,
WAriting equation (16) as 1

Yy =x,Q i
ZT=xQ+R, (32)

where

Q e [ X+ +ha (x*+x>+ba* -2dx ]
s x1!+x§ +hat ;é fiae ! xf+xf Iat; -IEJ&,

.

R e [ a(t+2ot x2+x?-16a") i :
e lxii»x’:éalséﬁlxtﬁ x; La¥) -16a%dx,’ ’

3

TRPACE 1

we have for the partial derivatives of y and z with respect to X, and

x5 the following expressions:

A B S b
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Ya

Yas

Y2

Yau

Yaas

Yas

Y133

B
3
E
:

(33)

°Q . IR
= ¥, t Ox,

v, R
= %ot aHE

a
L2, Jde. %
Ix, “ﬁ" ETRTR

- QQ— +x53‘a + _3;@
]

3
on, x,

(34)

& IR
T

e e Sl 0.8

e ale 3
P T - 0 P o,:ég;'

0@ ., %2 , 9R
® c)l,c)x: x‘él,al.ﬁ Ox, Jx; i

> ?
-3 2229 . 2%
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In order to evaluste these partial derivatives of y and z at
(yo,zc), we need the evaluation of the partial derivatives of Q and
R at (yo,zo). Letting

R
Q"'ﬁ

N.
R.ﬁ

we first have, for the values of N, N' and D and their partial deriva-

tives with respect to x, and Xy at (yo,zo), the following expressions:

N, = (xiexieba®) (xiexieha® -2ax,) | = 16a* |
Ny . = 2x, (x]+x]+hat -2dx, )+2x, (x}+xt+ke?) |, = O |
K, Iqo = 2x, (x3+x] +ha* -2dx,)+(2x,-2d) (x} +x3+4a*) |q.- -8a*d |
L !q- = 121:"""‘:"‘16"1’““5 l.,." 16a® 1
N L‘ = Bx,x, -hdx,l".- 0 (35) . .
Ny o= 12xJ44x]-12dx +168*| = 16a™ |
Mo |, = 24x, ], = 0

Ny lo, = Bx,-bd |, = -bd

N l.', = +8x1|°'.- 0

Nsss Io,o" 2hx,-12d|.l°n -12d

e A i e
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' |, = alxie2n+x)-16u" |, = -16e'c
L |,'. = bax}+bax, x3 1“. 0
Ny .= dxjebax,x3], = 0
Ny, |y, = 12dx}+bdxyl =0 -
K, io,o - edxxleal.' Y (36)
Ry |, = 12ax+bax3], =0
N L, = gadxaiq.‘ 0
Niay l., = 8“!'.,.8 0 :
l.u '-,- - 8dx3|-,o' 0 ‘é
Negp lo, = 24dx, |, =0 -
3
D Ie,‘ (x3 +x; +ha P -hae(x1+x;-ha‘)-l6a?dxs’Q._ 1687 (a+e) |
D, I,,- kx:+hxzx:+léx:a?-Baex2|$.u 0 i
D, I-,." hx:*l‘lil,*l&t’a‘ -Baex,-168*d I‘,"- -1ha*d 3
D, |, = 12x}+bx2+16a* -Bae | =Ba(2a-¢) ;
D“ I,', - BX;X, L'.- 0 (37) ,‘
B loe = 126} bcte166% B, = Ba(za-e) |
Dyaa 'o’a = 2‘*‘3',. =0 ;
D.s I‘!- = ex' L_ LY ;
Dysa I” = 8x1|“- 0 3
D”, I.," 2’4!’|. =0 j

Using these expressions in the table of derivatives of a quotient
found in Appendix A ve obtain, somewhat laboriously, that
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e e
Q. = o= R, = -dr3ey
2Q AR
- = 0 -;(-:— = 0
3% . 4 éa-e; oR, _ __gd*
% = a+e X, (a+e)* (38)
gg. -t IR, - 2&~e)
ox>  Zalavel ext ala+e
.2‘2'—-— s 0 ﬁs-.—— s 0
99X, 9X, o X XXy
JQ, _ 3ae(ate)+2d*(a-e) o _IS! _d(2a-e) (ave) -ba’®
axf ® TZaflare) ox} Zalate)
SR
ox3
'R, d"§2a-e2
éxiax. " aTave
IR _ o
ox,axt
'R, _ 3d* (2s-¢) (a+e) -64°
ox: a*(a+e)*

With the above values for 3 and R and their partial derivatives
at x, = xj = O, we can novw obtain the value of y and z and their

2
partial derivatives with respect to X5 and x3 at x, = x, = 0, which

2 b/
are
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(v =0
-
You ase
Y, =09
Yoo, = 9O
Yoxs ase
<
Yo, =0
= ge
Yousa Ja(a+e S‘
Yo.ag = O
o Jae(are)+2d%(a-e) 3e
Yogss 2as(ate)s 2alare)
Yo O

+d

a-¢e
a“(ave

(39)

s

2R
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( 8
. = G
Ze, = 0
K d*-a* -ae s a*r
2oy " " "Tatelr " Tave) " (arelF
2a-e
Zesn " Tave
4 z.‘. =0 (,4-0)
o (ba-3e) (ave)d-ba® _ a La-3e 2a*
Zons —Palate)’ ala+e)t  a(ate)’
Zo,. ™ o]
Sae (a+e)+2d(2a-e) Je s (2a-e
2o " T Zatate) " Zalore)® +TTare
Zagsa = 0
2. = J0e(ave > +6d*(3a-2e) (ate)-12d*
“s33 ode
\ Oe 3d*(3a-2e) 6d*

Balarelr ' aXarel allese)? °

5. The value of the partial derivatives of X5 and X3 with respect to
y and z at (yo,zo).

With the valucs for the partial derivatives of y and z with respect
to x, and Xy at x, = Xy = 0, s given !n expressionz (39) and (40), we
can now simplify equations (29), (30) and (31) and sttain the deriva-
tives of x, and Xy with respect to ; and z at (yo,zo). Taking account
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of only those derivatives of y and z with respect to x

and x5 which

do not vanish at Xy = Xy ® 0, equations (29), (30) and (31) tecome
(dropping the subscript zero with it understood from here on that

all derivatives stand for their values at (yo,zo)):

(W]
[ ]

yl xl,

Z;X"
la ZyX3a

LO = VaXay

0 = ¥X,,

0= zux;;rz,x,"
0=y, x5,

N L
0 = YaXyX,5tYa Xay,

O = ZaXsya

5, % :
= Yan Xyt Bsasxsyy"‘&fya Xayyy

- z,x,’”
.- y‘_ xZ‘“

* - ,,*52,,",” FZ9%300a
L YI. x&yyg

2
- z,,,x,h+2znx,yx,n+z”x,wx,!+z, Xg,,s

= Yiss x;‘xz’+2y“xa‘xh+y”x2’x,“+ya S

- Z’X,..y .

‘c o o o o o © o
'

(41)

(k2)

(43)

Solving {41), (42) and (43) in terms of the derivatives of y and z

wvith respect to x, and X3 evaluated at (yo,zo) we have

A, Ab————

L e o A NG
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( 1l
xzr - ;:
4 xze = xSy w0 (20}'&)
1 .
X3, = z, '’
fx x = X =
27Y 132 3,;
Sl
{
2
e ® (5)
X - - E&r (2
My Z,y,
( pOTS Zaa
Yo T TN T R
¢ 3
s a Yap 2
faes = - P VY A
{ X2ees ® Xayya ® gy ® Xsy,, = 0 (46)
z z5
xﬁnt - - Ei‘l_ +)E?_
z z z
X - +2—1@ +-13‘-§ .
e = 7 3 Y RIE
If we put the values from (39) and (40) intc these equations we

then obtain expressions for the derivatives above, wvhich, although
unnecessary to the actual calculation, are useful as a means of

o OB BT m. 3 e Yo 20




PARKX MATHEMATICAL LABORATORIES, INC, 26
CONCORD, MASSACHUSETTS

THE POCAL PLAKE
checking and facilitating the calculation of the partiais of /\ with

respect to y and z, Thus we have for the non-zero partial derivatives
of the x1 with respect to the y*

( ate
Xsy * &
x - d(a-e) (ate
a"x‘ 4 3yz o -3" -ae
L3 s (o
aYa)' X, = - Je :+e + A -e-aa::e ate (47)
% - - 3e(ase _ @*(a-e) (ase .
K Sorp ca -8 -ae 2a -8 -ae
d‘éa-eg(ha-bez(m[ . d‘ia-e”u—e" .
a -8 -8 a -&" -ae ?
( ate)
Xsa * ° -8% -ae
x - dgaa-ezga«re!‘
Jyy -8" -ae
d(ba-3e) (ate 24d° (a+e)?
_a_:.%’__ < X522 " Ba(d%-a*-ae T a(d*-a¥-ze) (48)
Sy~
1g(a+e)? _ @*(2a-e)(are »

Yye - a -8 =
d* (2a-efsa-3e) (ase) . d1(2a-e) (ave)®
éa‘la‘s-a' -aej’ a"iaz-a‘-adg
. .2 are)’ . M“Ba-%zgmk’ .
Yana ~-a*-ae a -a*-ge
k 641 (a+e

_ 3a*(4ka-3e)(are

a -a* -ze +
644 (ba-3e) (ave) 12d“n+e!‘
a -a®-ae a -a" -80; *
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6. The partial dexlvatives of relative phase function with respect
to the paraboloid ccurdinstes,

The next step in obteining the expension of /\ in & Taylor's
ssries about (yo ,zo) is the calculation of the partial derivatives
of /A with respect to y and z, evaluated at (yo,zo). Because of
the form of equation (21) this is not directly possible, We must
therefore do the calculation via equation (27), which requires the
derivatives of /\ with respect to x, and x,. Put equation {21)

2 3
in the form
A = s"n{%} - SAT (43)
vhere M = 8a®(x}+x}+ia”) <bae(x]+x3-ka™) -16a*dx
and again

S= (ﬁiﬂ_'_ -e) +x3+(x, -a)

D= (x:+x;+ha‘)’ hae(xi+x3-4a™) -16a™dx, .

Then if we write Aa..aa , A,._Qﬂ.,eic,weh,m,
ox, ax,

f\:%%ﬂ"s'/‘
S % %w,s"*
or N 5 Tga+ 8" (50)
St At s AR AL A
A‘l"‘ g '8_'%'7?‘2 - tlf M&ﬂt%a—slﬂﬁ-gdﬁl - i; TS; Sy»’r:uzl- STy 8
*%W¢§W’%T—:‘g‘+ms%

(1,3,x = 2,3) .
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end we need to evaluate the partials of S and T and consequently the
partials of M, the numerator of T - the denominator, D; being the sane
as that of Q and R in equation (32) we can use expressions (37) for it.
The value of M ard its partial derivatives with respect to X, and Xy
at xe L] x3 = 0 are then

= 16a3 (2a+e)

= 16a*x, -Baex, |, = 0

» 16a"x,-Baex,-16a%d|, = -16e™d

= 16a*-Bae|, = 8a(28-¢; (31)
M. l.,. =0

M,, L, = lé&z’vﬁﬁﬁf%% Sa(2a-e)

. =N, = L 'Haw =0

L
M. |,
H, l.,‘
M,, |

22 loe

and vith these valiues, expressionz [(37) and th. table of derivatives
of e quotient found 1z Ayzendix A, ve have for the value of T and its

partial derivetives (L x, = x_ =0

2 5
2ete)
T ate
T, =0
d
T’ - a+e
2a-e
Toa = - ade
T“ s 0
24* 2a-e "
Tss = alare)® ~ Zalarel '52)
Tzu = 0
2a-e
T-‘" “ a*{a+e
Typ =0
6d? 3d(2a-2)




-, .
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and the valus of S und its partlial derivatives with respect to

xemdx}atxasx}-ua

8 |,,= (are)*+a*

x+x, x3 -ha*x ex, . ;

s, %l,. x:K;T 2 - 81 'exliqo. 0 3
X5 Xy 42 La® ex }

8 .= _t_z_z:.l__ﬁ'_ - .T’ +2(x;d) ].’.. .24 |
p

t 3x3+x} -ka®

8. g ® '_‘_él_ - % "2'4.- 2';:'
sl! L,o. ’x'%{' Io,o- 0

» .'-!‘ . .
s,, |..= ’_‘.L".'%Q._a_ -S+ 2, =22 (53)
Sun b= Gt 1= 0

- L.- fﬁl‘ L'ou (o}

8y52 L.' ;‘:‘K L.'- Y

6x
’33 L..' Gat Ln! 0

Using (50) and (53) and (52), we have for the values of /\ and
its pertial derivetives with respect to X5 and X at X, = x5 = 0 and
letting 82|, = s,

S
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2a+e
A, s ate
| o
d(d*-a*-ae
E A" © ase)s
A e da* (2a-e)
»® " Tave)s ~ Zalater s
AL=0 (54)
d* (2a+e d*(2a-5e e 24
~ Ta+e)s? "~ Dalate)®s ~ (ave)s T alasc)¥s
Am. o
d(2a+e)(a-e) = d{3a-2e d*(2a-e d(2s-e
| Nuyg Balate)sd | Ja(ate)is  a(ave)Ss a;lme;s
Ayp= 0
N 3d3 (2a+e) ~ 3d? . 3d(2s+e) (a-e) A 3d(3a-2e)
o™ =~ Taels Tave)¥a* (ave)s? Zalate) s

_ 3d(2a-e) _ 3d¥(3a-2e) . 64°%

a“(as+ele a’la+el’s a’la»ef's

7. The value of the partial derivatives of relaiive phase function
with respect to the focal plane coordinates,
We are nov in position to celculate the partial derivatives
of /\ wvith respect to y and z, which are the ones required for the
expansion of f\ in the Taylor's series in y and z. Writing out
eguations (210 vithou; the summation convention and with y2 =y,

2 L
y =z, x -xaandx -x)alaox,,--a—;— , ete,
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Ny = A, x, ¢ Ay g
Aa - A3 X,,*A, S
Ny = Ny xip2 Agyx, Xp + Ay X3¢ Ay x50 A x4

Nye = A x50 N (0%, %00+ A 3 Ny xo Ay xg

N = An x:‘+2 Am Xag%ss /\” x;f ,\z xau”’AS X322
A,yy= Nx3 43 Nazs x;x,’o-} Niisa X2, x’b + A, x_f, +3A,. Xa,X,,
+3N,, (x%x,,o-x,"x,’)*}/\,, X3, X3y + N, X2yt AYE TS
Appe= Aua 5534 Agay (2030 8x0 000+ Agya (2xx5, 1 ex3x)  (55)
+ Ays x Na (21 Xp # Xz, Xag) + /\,,(Qx,nx,,#ex,"x"d»x,”x, "
X X+ Ay (2xy Xy #%, Xg)+ Ay X3 % Ny x4,
Ally Ly Axux:{:.,* Aau (%*xz‘}!y)* Alu(extxﬁ‘a"t:}ﬁ)
+ Aoy 32,4 Naa (2, Xy X g Xy ) + ALl 2y Xyt Xy X2y
+x‘ux‘,¢xhxy)+ 4 (2x,"xk4=x“‘x,’)+ N, Xamey* A, x, 2y
FAVRL RAWIE 25 ZAWRR W S0 VARG SEATIE P 5 7AW N 3
+3 A” ("m"u""m"z) +3 A“x-'uxil* A’ X 2eat Al *sgam

Rewriting these equations with orly the non-zero terms we have

A, =0

Ax = 'A‘a 27

Ay’ - A, x:f A‘s X3yy

Ap= 0 (55°)
Nee = /\“ x:.* /\3 Xyan

Nyy= 0

Nye= Ny, X;X,.“z N XayaXay* ™ Xo Xat s
Nyy= 0

3
Nia™ /\,” xt;*’ Al? Xps®sd A! X540z

x’yyl
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Then using the valiwo =0 tne partials of X, and X3 with respect to

y and 2z of eguat sas {ws), (45) and (46) we have for the non-zero
derivatives above

———

A, » 5;._“

A - e

Au= 20 - Cep (56)
Apes flam — s DuZe (AL S o+ Sl 4 Sazu)

Ao o= 2 g 3

Using either (55°), (54), (47) and (48) or (56), (54), (39) and
(40) we can obtain the values of the partial derivatives of /\ with

reepect to y and z at (yo,zo) as the following expressions, in which
s = ase)’ +d and A = (d*-a*-ae),

A i s

PRNEE- R S Y

L
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2 ad
__(a:e[[g*d 2ase _9_]

= 0

33

(57)

a3 dSZ:-e! (a:eg [ L& SZM—ez dga;elgu-ez

[s 5 2;+e82(a+e ]

SN . o

P L 3] ((1g-30) (Me)-hd‘][ » Lioae) 22

M(s;) (a+e)‘ §23+e (a+e)] tbd(a;e)As;:.e)o |

5d a+e

[ (2&+esz (a+e! -

¥We are nov in a position to perform the expansion of

N (v,2).

in a Taylor's seriss in y and z about (yo,zo) = (0,- ge) up to the

terms of the third order.
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8. The relative phase function as a power series in terms of the
focal plane coordinates.

Writing equation (26) without the summation convection and with
yznyand))-zvehave

A(y,l) b N+ (—A) (y 70)* (az ).(2-2.)“' (3—1;\5)0_(15#)?
" z(a"\ A Sl 4 (21 —1-1‘3, +(Z8) 8 o1y

oyox 2!
Ay W' (z-£) [ 63/\ Ay (z-2)°
+3( ) 3 +3‘Ja ( ).3! +
and with the values for the partial derivatives as given in equation
(57) ve have
2ase

N yz)=

ase) (2+ -EL) {2} -y {ié_‘ﬁ;ﬁ).}

s ) {a&e (& d*‘2a+e!]}

2 % y’(u ;_e_) {d!2a-e“a.+ef_ - d‘s e) ]

. d!a-:iksuel [_JBE Pa#:ia»e! ]} (58)
: 7],5 (84 ad ); }d(a+e {Qa-}e)aire)-hd‘ )

[_e_ _ @ d’g2»e2] a-e [% . g2a+:§(a+e! & %1
+ E'[E + S—;L—Ha": s ]j # wiee as

This series is being verified by actual computation. The results will
be reported separately,

i A Ol ol (0

it et

T T O ]

ey

e -
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DERIVATIVES OF A QUOTIENT

By %
N e
(%);,- - gj- - %%'- - Nb L - %{ +3N%>L - ? ) N.-D,wg,-q +ND; *2@%&
(Ba = B -3 ﬁﬁ—ﬁ%éﬁ%wﬁ%& %
= %-1 : BNsD%zn.- Di +KDi _ ND. n. +K; D -6-53-

E'ﬁ&-g.‘!%%‘. _ggsb_l‘)_i i Di D; *2!{513-"‘- 1, NDi Djj
L alh Bk 2

- %il _ RiDj +2N; ggavmﬂmunnal , Ui D.'Diw%r’g‘- D; +2RD:D;

Dy
A%
~F!

[ ]
Ul.z

+$4MD; D _ (ND: D;

(%)nu - gb - ‘*E%E-‘- -6x¥"'5-1,%L +12N-%?‘: oDl o, NiD;Di KD
S B o B

Nai - k“ﬂu D; fSNu D.; “N, Da *Xmﬁi la{‘nﬁ,’ahn D mi D:.+6m):
— L X

_ 2w p) %26@79. +24, i
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B g R A2 sn A
SEDD DD MDD N DD
"‘%gf PSR A '5%;-% +2h-"g:£1-§asﬁga
e R R e

- Nii"l 2Nij D +Mii; Di +M:Dj An;,-bmem +2N; Dij+2N; Dy +ND_W___

, 2 D} +BN; D: D; +2N; D} +8N; D, D; +4¥; D; D; +4N; D; D; 48N, D; D; +4MDy; D;
. D

+4KD}j +2N Dii Dy +4MDiDy _ 12N; D; D} +12N; D; b,:6111).. D; +6MD, D

+24¥D;; D D; .2 NI D}

'D').'.;j o gﬂ' Ni D; BNGE D; }IE%QL SNUD. D! }N' #j
6N D:D i 6‘11-3,_ EE'D'D“ ]BE D; D, 6 ‘ 18- “
+2h“g?'D" +65D: D *&Ngi_l); IGKD;' Dij -189‘ Dy D;
L et

gl.‘_ _ Nu D; +3Ns D; +3R; D%‘ +3N;;D; +3N; Dy +N: D;; +1ui

6N Di D; +6N;D; +6N; D, Dj +12N; D;; D; +6N; Dy Di +2ND;;, D; +6NDyD; +6HD; D

_ 18N Ui D; +6N; Dfﬁ‘IBNDaDa D; +18ND;; D; ND D;

+2h-5—‘¢-l-
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